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Section I: Introduction
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Today’s goals
Goal 1
Understand the significance and construction of fixed points.
Goal 2
Appreciate the differences between fixed point construction,
diagonalization, and self-reference.
Goal 3
Rebut the misconception that fixed points are fraught with
paradox.
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The abbreviations G1, G2
I ‘G1’ is short for “Go¨del’s First Incompleteness Theorem,”
i. e., the incompletability of arithmetic
(to be made more precise later (or, for short, “tbmmpl”).
I ‘G2’ is short for “Go¨del’s Second Incompleteness Theorem,”
i. e., the unprovability of consistency (tbmmpl).
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A certain ambiguity
I There are different ways to establish various incompleteness
results for specific formal systems using specific methods,
which do not, however, necessarily transfer or generalize.
Custom-tailored model theoretic proofs
Independence proofs for Q a` la Tarski-Mostowski-
Robinson require the absence of induction, while
Kripke’s proof via fullfillability requires its presence.
I By contrast, we here understand both G1 and G2 as proofs
(or methods of proof) that provide a uniform method
applicable to a wide range of formal systems resulting in
optimal results. G1 and G2 “scale,” so to speak.
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Why fixed points?
Question
Why do we focus on fixed points?
Answer
If we understand G1 and G2 as scalable methods of proof, as we
do here, then fixed points play a crucial role for both.
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What are fixed points?
I A fixed point in mathematics is, generally speaking, an object
that remains unchanged under some transformation, map, or
function f ; e. g., a fixed point for/under f is any x such that:
f (x) = x .
I Let ϕ(x) be an expression of a formal language L with at
least the variable ‘x ’ free. In somewhat lose analogy to the
established mathematical usage, we then call an expression
p ∈ L a fixed point for ϕ(x) if (tbmmpl):
(∗) ϕ(p)↔ p.
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What are fixed points – like, precisely?
Chief objective for today
To understand and make more precise
(∗) ϕ(p)↔ p.
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Section II: Preliminaries
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Formal systems
Definition (informal)
A formal system F is a system of fully formalized axiomatic
reasoning.
Explanations. We identify a formal system F with a triple
〈L,Σ,R〉, where L is a formal language, Σ ⊆ L is a set of axioms,
possibly empty, and R is a set of (logic) rules defined over L. We
require all three components to be effectively given, viz., language
and rules are effectively decidable (i. e., recursive) and the axioms
can be effectively listed (i. e., recursively enumerable, which, by
Craigs well-known theorem, means Σ can chosen to be primitive
recursive).
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Derivability
Definition (informal)
An expression ϕ is derivable in F iff it is formally provable in F .
Reminder. An expression ϕ ∈ L is formally provable in F iff there
is a finite sequence of expressions,
ψ1, ψ2, ψ3, . . . , ψn,
of which it is the terminal element, i. e., ϕ ≡ ψn, and such that
each ψi is either an axiom, α ∈ Σ, or results from the application
of a rule, ρ ∈ R, to earlier expressions in said sequence.
We write “ `F ϕ” iff ϕ is derivable in F .
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Arithmetization
A first map g(ζ) encodes basic symbols ζ into natural numbers.
For example,
0 S ¬ ∨ ∀ ( ) vni
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
1 3 5 7 9 11 13 pni .
A second map gn(Γ) encodes finite sequences Γ into natural
numbers. For example,
gn(Γ) = 2n1 · 3n2 · 5n3 · . . . · pnkk ,
where Γ = 〈σ1 . . . σn〉 and ni = gn(σi ), for all 1 ≤ i ≤ n.
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Provability predicate
A primitive recursive relation ProofF (n,m) such that
ProofF (n,m) :iff n = gn(`F ϕ) and m = gn(ϕ).
Consequently,
∃xProofF (x , gn(ϕ)) iff `F ϕ.
We suppress the bound variable and write,
PrF (gn(ϕ)) :iff `F ϕ.
We call PrF (x) a provability predicate. Note that it is (at least) Σ1.
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Numerals
I The canonical way to represent a natural number n in the
formal language LF is via the numeral n:
n :≡ S . . . S︸ ︷︷ ︸
n times
0.
I By extension, for arithmetical terms: t :≡
t times︷ ︸︸ ︷
S . . . S 0.
I Finally,
pϕq ≡ S . . . . . . S︸ ︷︷ ︸
gn(ϕ) times
0.
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Representability
Theorem (For F extending Robinson Arithmetic R or Q)
For every recursive relation R(x1, . . . , xk) there is a corresponding
expression ϕR(x1, . . . , xk) in the language of F s. t.:
R(n1, . . . , nk) ⇒ `F ϕR(n1, . . . , nk),
not-R(n1, . . . , nk) ⇒ `F ¬ϕR(n1, . . . , nk).
Tweaked for functions:
f (~nk) = m ⇒ `F ϕf(~nk ,m) and f (~nk) 6= m ⇒ `F ¬ϕf(~nk ,m);
f (~nk) = m ⇒ `F ∀x[ϕf(n1, . . . , nk, x)→ x = m].
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Corollary
For the primitive recursive proof relation ProofF there is a
corresponding expression ProofF such that
ProofF (n,m) ⇒ `F ProofF(n,m),
not-ProofF (n,m) ⇒ `F ¬ProofF(n,m),
Corollary (Σ1-completeness (⇒) and Σ1-soundness (⇐))
(DC1) `F ϕ ⇔ N |= ∃xProofF(x, gn(ϕ)) ⇔ `F PrF(pϕq).
Buldt: Go¨del’s Incompleteness Theorems – Tutorial I UniLog 5, 2015
Introduction Preliminaries Fixed Points Diagonalization Self-Reference Paradox Summary
3
Section III: Fixed Points
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Proof, using the Go¨del fixed point
Assumptions
(DC1) `F ϕ ⇔ `F PrF(pϕq), for all ϕ ∈ LF
(DC4) `F γ ↔ ¬PrF(pγq), for at least one γ ∈ LF
Proof
`F γ DC1⇒ `F PrF(pγq) DC4⇒ `F ¬γ ⇒  conF⇒ 6`F γ
`F ¬γ DC4⇒ `F PrF(pγq) DC1⇒ `F γ ⇒  conF⇒ 6`F ¬γ
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Proof, using the Jeroslov fixed point
Assumptions
(DC1) `F ϕ ⇔ `F PrF(pϕq), for all ϕ ∈ LF
(DC4) `F γ ↔ PrF(p¬γq), for at least one γ ∈ LF
Proof
`F γ DC4⇒ `F PrF(p¬γq) DC1⇒ `F ¬γ ⇒  conF⇒ 6`F γ
`F ¬γ DC1⇒ `F PrF(p¬γq) DC4⇒ `F γ ⇒  conF⇒ 6`F ¬γ
Buldt: Go¨del’s Incompleteness Theorems – Tutorial I UniLog 5, 2015
Introduction Preliminaries Fixed Points Diagonalization Self-Reference Paradox Summary
3
Fixed point needed
I Initial, vague fixed point equivalence
(∗) ϕ(p)↔ p
now made specific for for the provability predicate PrF(x):
I `F γ ↔ ¬PrF(pγq) ← so-called Go¨del fixed point
I `F γ ↔ PrF(p¬γq) ← so-called Jeroslov fixed point
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Fixed point derivation, Step 1: Substitution
I Fix a certain individual variable of your choice; say ‘u.’
I Define a function sub that mirrors the substitution of the
replacee variable ‘u’ for a replacer term ‘t,’
ϕ[u] tu ≡ ϕ(t),
but in the realm of Go¨del numbers. In short:
sub(x , y) :=
{
gn(ϕ[u] tu ) if x = gn(ϕ(u)) and y = gn(t)
x otherwise.
I Note that sub(x , y) is primitive recursive and therefore
represented by an expression ϕs(x, y) in F .
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Fixed point derivation, Step 2: Definitions
I Define ϕ(u) :≡ ∀x[¬ProofF(x, sub(u,u))].
I Define p := gn(ϕ(u)).
I Substitute p for u in ϕ(u), viz.,
γ :≡ ϕ(p) ≡ ∀x[¬ProofF(x, sub(p, p))].
I Calculate sub(p, p) = sub
(
gn(ϕ(u)), p
)
; def. p
= gn
(
ϕ[u]pu
)
; def. sub
= gn
(
ϕ(p)
)
; substitution
= gn(γ) ; def. γ
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Fixed point derivation, Step 3: Derivation
I Recall Step 2: sub(p, p) = gn(γ).
I Reason inside F .
`F ¬PrF(x)↔ ¬PrF(x) ; logic
`F ¬PrF(sub(p, p))↔ ¬PrF(pγq) ; Step 2
`F ∀x
[¬ProofF(x, sub(p, p))]↔ ¬PrF(pγq) ; def. PrF
`F ϕ(p)↔ ¬PrF(pγq) ; def. ϕ(p)
`F γ ↔ ¬PrF(pγq) ; def. γ
I Warning. We assumed `F sub(p, p) = pγq, which requires
induction.
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Fixed point derivation: Redux
We no longer assume a certain equational normal form for
representing functions, i. e., we no longer assume:
sub(p, p) = gn(γ) ⇒ `F sub(p, p) = pγq,
but just plain representability of functions:
sub(p, p) = gn(γ) ⇒ `F sub′(p, p, pγq)
sub(p, p) 6= gn(γ) ⇒ `F ¬sub′(p, p, pγq)
sub(p, p) = gn(γ) ⇒ `F ∀x[sub′(p, p, x)→ x = pγq].
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Fixed point derivation: Redux
We employ similar definitions:
I ϕ(u) :≡ ∀x[sub′(u, u, x)→ ¬PrF(x)]
I p := gn(ϕ(u))
I γ :≡ ϕ(p)
For which it still holds that,
I sub(p, p) = gn(γ).
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Fixed point derivation: Redux
(1)1 `F ¬PrF(pγq) ; A-I
(2) `F ∀x[sub′(p, p, x)→ x = pγq] ; representability
(3) `F sub′(p, p, u)→ u = pγq ; ∀-E
(4)4 `F sub′(p, p, u) ; A-I
(5)4 `F u = pγq ; →-E (3,4)
(6)1,4 `F ¬PrF(u) ; Eq (1,5)
(7)1 `F sub′(p, p, u)→ ¬PrF(u) ; A-E
(8)1 `F ∀x[sub′(p, p, x)→ ¬PrF(x)] ; ∀-I
(9)1 `F γ ; def. of γ
(10) `F ¬PrF(pγq)→ γ ; A-E
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Fixed point derivation: Redux
(11)11 `F γ ; A-I
(12)11 `F ∀x[sub′(p, p, x)→ ¬PrF(x)] ; def. of γ
(13)11 `F sub′(p, p, pγq)→ ¬PrF(pγq) ; ∀-E
(14) `F sub′(p, p, pγq) ; representability
(15)11 `F ¬PrF(pγq)] ; →-E(13,14)
(16) `F γ → ¬PrF(pγq) ; A-E
(17) `F γ ↔ ¬PrF(pγq) ; ↔-I (10,16) a
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Theorem (Fixed Point Theorem, Diagonalization Lemma)
Assume F to allow for representation. For each expression ϕ with
at least one variable free, there is a ψ such that,
`F ψ ↔ ϕψ
where ϕψ can be either of the four forms:
ϕ(pψq), ϕ(p¬ψq), ¬ϕ(pψq),¬ϕ(p¬ψq),
viz., instances of what we call a Henkin, Jeroslov, Go¨del, or Rogers
fixed point resp.
Proof.
Same as above (with minor modifications).
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Black self-referential magic?
I Two questions about fixed points such as
`F γ ↔ ¬PrF(pγq).
1. How much “black magic” is required for their derivation?
. . . will be answered in Section IV.
2. How much “self-reference” do they involve?
. . . will be answered in Section V.
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Section IV: Diagonalization
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Black magic?
1st Question
How much “black magic” is required for the derivation of fixed
points such as
`F γ ↔ ¬PrF(pγq) ?
Answer
None.
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Diagonalization: Ambiguity
I Different meanings; e. g., linear algebra vs. logic.
I Meaning in logic:
I Primary meaning: to apply a transformation to the diagonal
sequence in a two-dimensional array in order to “diagonalize
out” (well, or not).
I Derived meaning: ϕx(x), sub(p, p), etc.
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Diagonalization: Primary meaning
I Let A = {aij}i ,j∈ω be a (countable) two-dimensional array:
R0 : a00 a01 . . . a0n . . .
R1 : a10 a11 . . . a1n . . .
...
...
. . .
...
Rn : an0 an1 . . . ann . . .
...
...
...
. . .
I Let f be a sequence transforming function,
f (Rn) = {f (ani )}i∈ω.
I Apply f to the diagonal sequence D:
D ′ = f (D) := 〈f (a00), f (a11), f (a22), . . . , f (ann), . . .〉.
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Diagonalization: (Non-)Closure
I One of two things can happen to the anti-diagonal D ′ = f (D):
1. D ′ is identical to one of the rows, viz., f (D) = Ri ∈ A, for
some i .
2. D ′ is not identical to any of the rows, viz., f (D) 6= Ri ∈ A, for
all i .
I If Case 1 applies, we call the set A closed under f , and f will
have fixed points.
I If Case 2 applies, A is not closed under f , and we have
Cantor’s diagonal argument showing that a certain sequence is
not in A (to “diagonalize out”).
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Diagonalization: Case 1 – Closure
I D ′ is identical to one of the rows, viz., f (D) = Ri ∈ A, for
some i .
I The identity D ′ = f (D) = Ri is element-wise identity:
D ′ = 〈f (a00), f (a11), . . . , f (aii ), . . . , f (ann), . . . 〉
‖ ‖ ‖ ‖
Ri = 〈 ai0, ai1, . . . , aii , . . . , ain, . . . 〉
I Closure under f (failure to “diagonalize out” ) implies fixed
points f (aii ) = aii .
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Diagonalization: Case 1 – Closure
R0 : a00 a01 . . . a0n . . .
R1 : a10 a11 . . . a1n . . .
...
...
. . .
...
Rn : an0 an1 . . . ann . . .
...
...
...
. . .
⇒
R0 : fa00 a01 . . . a0n . . .
R1 : a10 fa11 . . . a1n . . .
...
...
. . .
...
Rn : an0 an1 . . . fann . . .
...
...
...
. . .
⇒
R0 : a00 a01 . . . a0i . . . a0n . . .
R1 : a10 a11 . . . a1i . . . a1n . . .
...
...
. . .
...
...
f (D) = Ri :
fa00
ai0
fa11
ai1
. . . faiiaii . . .
fann
ain
. . .
...
...
...
. . .
...
Rn : an0 an1 . . . ani . . . ann . . .
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Diagonalization: Closure & Go¨del fixed point
I Can we understand γ ↔ ¬PrF(pγq) to be an instance of
f (aii ) = aii for some f and some array A = {aij}i ,j∈ω?
I Yes, and here is how.
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Diagonalization: Closure & Go¨del fixed points
I List all first-order expressions with the free variable ‘u:’
L(u) = {ϕ0, ϕ1, ϕ2, . . .}.
I Form an array with all their Go¨del numbers, which we
substitute for ‘u.’
I For the result, instead of ϕa(pϕbq), we write ϕab.
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Diagonalization: Go¨del fixed points – 1st diagonalization
I We thus get:
pϕ0q pϕ1q pϕnq
R0 : ϕ0 ϕ00 ϕ01 . . . ϕ0n . . .
R1 : ϕ1 ϕ10 ϕ11 . . . ϕ1n . . .
...
...
. . .
...
Rn : ϕn ϕn0 ϕn1 . . . ϕnn . . .
...
...
...
. . .
I Note that the diagonal sequence {ϕxx}x∈ω corresponds to the
substitution function sub(x , x) we used above.
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Diagonalization: Go¨del fixed points – 2nd diagonalization
1. Note that, for any F , ¬PrF(u) is itself part of the original list
L(u) = {ϕ0, ϕ1, ϕ2, . . .}; i. e., ∃i s. t.: ϕi ≡ ¬PrF(u).
2. Apply the transformation f : ϕab 7→ ¬PrF(ϕab).
3. Because of (1), L(u) will be closed under f , and each image
f (ϕab) must be ϕin, for some n.
4. Hence, f (D) has a fixed point ϕii , which corresponds to the
expression γ ≡ ϕ(p) we used above.
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Diagonalization: Go¨del fixed points without “black magic”
I Derivable fixed points in systems of arithmetic FAr , e. g.,
γ ↔ ¬PrF(pγq),
are a result of the fact that set of expressions, such as L(u),
are closed under certain transformations f .
I sub(x , x) corresponds to {ϕxx}x∈ω.
I γ ≡ ϕ(p) corresponds to ϕii .
I Outcomes can be modelled in FAr .
I The procedure (“double diagonalization”) is entirely syntactic
is completely mundane, no magic anywhere.
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Section V: Self-Reference
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Black magic?
2nd Question
How much “self-reference” is required for the derivation of fixed
points such as:
`F γ ↔ ¬PrF(pγq) ?
Answer
None.
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Self-Reference: Rendered moot by diagonalization
I Previous section: Fixed points such as:
γ ↔ ¬PrF(pγq),
result from certain closure properties.
I The crucial steps,
I sub(x , x) or {ϕxx}x∈ω.
I γ ≡ ϕ(p) or ϕii .
are entirely syntactic operations, which neither employ nor
presuppose any concept of self-reference.
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Self-Reference: Digging deeper
I Does p ↔ ϕ(p) mean that p says it has property ϕ?
I Does γ ↔ ¬PrF(pγq) mean that γ expresses some property it
itself has, namely, the property “¬PrF(u)” (unprovability)?
I If so, does it mean that γ states its own unprovability?
I Preliminaries: What self-reference cannot be.
I Self-reference cannot mean γ is somehow a proper part of
itself; this would violate the mereological definition of proper
parthood, PPxy := Pxy ∧ x 6= y .
I Self-reference hence presupposes a more abstract semantical
relation than self-inclusion is.
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Self-Reference: Objectual self-reference
I Usually, (self-)reference is “external,” part of the
metalanguage.
I Internalize it by a naming convention in the language L, e. g.,
I Go¨del numbers: ϕ(pϕq)
I Quine’s norm: concatenate ϕ with its own quotation |ϕ|, i. e.,
ϕ_|ϕ|
I Any other suitable pair: ϕ (object), #ϕ (object’s name)
I Objectual self-reference. An expression contains its own name:
ϕ[#ϕ].
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Self-Reference: Objectual self-reference
I Does γ in γ ↔ ¬PrF(pγq) contain its own name?
I Recall that γ is shorthand for ∀x[¬ProofF(x, sub(p, p))].
I Since sub(p, p) = gn(γ), there is a naming convention under
which γ contains its own name and, thusly, is self-referential.
I Given a suitable naming convention, diagonalization for fixed
point construction may cause objectual self-reference.
I “may” because fixed points can substantially differ; e. g., γ as:
∀x[¬ProofF(x, sub(p, p))], or: ∀x[sub′(p, p, x)→ ¬PrF(x)],
or: ∃x[x = pψq ∧ ψ], with ψ ≡ ∃y[diag(x, y) ∧ ¬PrF(y)], . . .
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Self-Reference: ‘Propertual’ self-reference
I Mute point—the original question was whether, “γ expresses
some property it itself has,” not whether it contains its own
name.
I Fresh start:
I Properties can be identified with sets. Thus, names for
properties can be identified with names for sets.
I Sets can be defined by open expressions in suitable languages
of first (or higher) order.
I Naming convention: A name for a property is its definition as
a set.
I ‘Propertual’ self-reference: An expression contains a name for
a property it itself has.
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Self-Reference: ‘Propertual’ self-reference
I Expression ϕ(u) defines, in some structure A, property P if:
1. Definition: {x : P(x)} iff {x : A |= ϕ(#x)}.
Then ϕ(u) has property P itself if:
2. Self-Reference: A |= ϕ(#ϕ(u)).
I Application to ¬PrF(u)
I N |= ¬PrF(p¬PrF(u)q), because 6`F ∀x[¬ProofF(x,u)].
I Given suitable circumstances, ‘propertual’ self-reference may
occur.
I Another mute point—no mention of γ ↔ ¬PrF(pγq).
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Self-Reference: 1st guarded guess
I What is the intuition that underlies the question “whether γ
expresses a property it itself has”?
(1) Let ϕ(u) be an expression that defines a property P and let ψ
be a fixed point for ϕ(u); is this sufficient for ψ to “express
property P”?
I Counterexample. All expressions ψ ≡ n = n are (derivable!)
fixed points for PrF(u),
`F ψ ↔ PrF(pψq),
(maybe exemplify) but do not express provability.
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Self-Reference: 2nd guarded guess
(2) Let ϕ(u) be as before and ψ be a literal fixed point for ϕ(u);
is this sufficient for ψ to “express property P”?
I A literal fixed point for ϕ(u) has the form ϕ(t), viz., it is like
ϕ(u) itself but with ‘u’ replaced with a term t such that
`F ϕ(t)↔ ϕ(pϕ(t)q).
I If ϕ(u) expresses P, then ϕ(t) expresses that t has P. But
`F t = pψq; hence, ϕ(t) expresses that ψ has P. But ϕ(t) is
ψ; thus, ψ expresses that ψ has P.
I Are we done yet?
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Self-Reference: 2nd guarded guess
I Few believe we are done; some still have lingering doubts . . .
I Counterexample. Two different expressions ϕ1(u), ϕ2(u), both
defining the property “provability” and having literal fixed
point ψ1, ψ2 but s. t.: `F ψ1 and `F ¬ψ2.
I Counterexample. An expression ϕ(u) defining the property
“provability” and having a literal fixed point ψ, but s. t.:
6`F ψ1 and 6`F ¬ψ2.
I Either the intuition that “γ expresses some property it itself
has” is simply wrong, or we do not (yet) know how to make it
precise.
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Self-Reference: As a tool
I Objectual self-reference, motivated by semantics but
implemented as an entirely syntactical procedure, can be used
to construct fixed points (Quine, Heck)
I Note the order of things. Go¨del fixed points do not require
any form of self-reference for their construction but objectual
self-reference can be used to construct them.
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Self-Reference: Summary
I Diagonalization may produce objectual self-reference.
I ’Propertual’ self-reference may occur but is unrelated to fixed
points.
I Being a fixed point, not even being a literal fixed point, is
sufficient to “express a property” about itself.
I Good news: None of the above is needed to prove G1.
I While not required, objectual self-reference may be used to
construct fixed points.
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Section VI: Paradox
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Paradox: The original sin
I Go¨del committed the original sin when he wrote:
“We therefore have before us a proposition that says about
itself that it is not provable” (1931, pp. 148ff.).
I Maybe permissible as a heuristic, but still: It’s wrong.
I There is no self-reference at work but only simple or multiple
diagonalization; fixed points are equivalent, not self-referential
in any strong sense we could make precise; we are not skating
on the thin ice of paradox.
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Summary
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Today’s goals
Reminder
We here understand G1 as a proof that provides a uniform method
applicable to a wide range of formal systems (i. e., from weak
systems of arithmetic to very strong system of set or category
theory) always resulting in optimal results (i. e., the formally
undecidable sentence must be Π1).
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Today’s goals
Goal 1
Understand the significance and construction of fixed points.
Summary
Fxed points such as:
`F γ ↔ ¬PrF(pγq) or `F γ ↔ PrF(p¬γq)
are crucial for proving G1. NB: This holds true also for its
recursion theoretic generalizations, albeit in different form.
Canonical constructions of fixed points are the result of a double
diagonalization.
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Today’s goals
Goal 2
Appreciate the differences between fixed point construction,
diagonalization, and self-reference.
Summary
Certain fixed points are required. Diagonalization delivers them.
Self-reference is neither needed not well-understood, but its
objectual variety may be used to construct fixed points.
Diagonalization ⇒ Fixed Points ⇐ Obj. Self-Reference
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Today’s goals
Goal 3
Rebut the misconception that fixed points are fraught with
paradox.
Summary
Diagonalization, which provides fixed points, is an entirely
syntactic operation without a hint of self-reference or paradox.
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